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Robust Boundary Stabilization of Stochastic Hyperbolic PDEs

Yihuai Zhang, Jean Auriol, Huan Yu*

Abstract— This paper proposes a backstepping boundary
control design for robust stabilization of linear first-order
coupled hyperbolic partial differential equations (PDEs) with
Markov-jumping parameters. The PDE system consists of 4
x 4 coupled hyperbolic PDEs whose first three characteristic
speeds are positive and the last one is negative. We first design
a full-state feedback boundary control law for a nominal,
deterministic system using the backstepping method. Then, by
applying Lyapunov analysis methods, we prove that the nominal
backstepping control law can stabilize the PDE system with
Markov jumping parameters if the nominal parameters are
sufficiently close to the stochastic ones on average. The mean-
square exponential stability conditions are theoretically derived
and then validated via numerical simulations.

I. INTRODUCTION

Hyperbolic partial differential equations (PDEs) find appli-
cations in many engineering areas, including transportation
systems [21], and open-channel flows [9]. Extensive research
efforts have been made for boundary control problems of
hyperbolic PDE systems. PDE backstepping, as a feedback
stabilization method, has been developed for general first-
order coupled hyperbolic PDEs in a series of work [8],
[10], [14]. Further advances generalize the PDE backstepping
for adaptive control [1], robust stabilization to delay and
disturbances [2], [16], [19]. These research results mainly
pertain to deterministic PDE systems. On the other hand,
scarce studies focus on stochastic PDE systems, the stochas-
ticity being usually caused by uncertain parameters in real
applications. The question of boundary control of uncertain
hyperbolic PDEs with Markov jump parameters via the
backstepping method remains open.

Previous results have focused on stochastic stability anal-
ysis with distributed or boundary controllers using linear
matrix inequalities [6], [11]. Prieur [17] modeled the abrupt
changes of boundary conditions as a piecewise constant
function and derived sufficient conditions for the exponential
stability of the switching system. Wang et al. [20] exam-
ined the robustly stochastically exponential stability and
stabilization of uncertain linear first-order hyperbolic PDEs
with Markov jumping parameters, deriving sufficient stability
conditions using linear matrix inequalities (LMIs) based
on integral-type stochastic Lyapunov functional. Zhang [22]
studied traffic flow control of Markov jump hyperbolic
systems, employing LMIs to derive sufficient conditions for
boundary exponential stability. Unlike the results using LMI,
this paper adopts the backstepping control, and propose
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a novel Lyapunov candidate to get the exponential mean-
square stability results. Auriol [4] first considered the mean-
square exponential stability of a 2 x 2 stochastic hyperbolic
system using backstepping.

The main results of this paper are that we propose a robust
stabilizing backstepping control law for a 4 x 4 stochastic
hyperbolic PDEs. We first design a backstepping boundary
control law to stabilize the nominal system without Markov
jumping parameters. We prove that the nominal control law
can still stabilize the stochastic PDE system, provided the
nominal parameters are sufficiently close to the stochastic
ones on average. The stability conditions are derived using
a Lyapunov analysis. And the result can be extended to n +
m systems. The contribution of this paper extends to both
theoretical advancements and practical applications.

This paper is organized as follows: In Section II, we
introduce the stochastic hyperbolic PDE system and state
the problem under consideration. In Section III, the nom-
inal boundary controller is designed, and the mean-square
exponential stabilization of the stochastic PDEs is proposed.
In Section IV, a Lyapunov analysis is conducted to prove
the nominal control law achieves the mean-square expo-
nential stability of the PDE system with Markov jumping
parameters. In Section V, numerical simulations verify the
theoretical results.

II. PROBLEM STATEMENT

In this paper, we consider the following stochastic PDE
system

wi(2,t) + AT (O)w (2, t) =21 (2, ) w (2, 1)
+ Xt (@, )W (2,8), (1)

w, (z,t) — A~ (Ow, (z,t) =S (2, t)wT, (2)
with the boundary conditions

w(0,t) = Q(t)w™(0,t), 3)

w(1,t) = R)wT(1,¢) + U(%), 4)

where w = [wy,ws, w3]", w~ = wy, where the spatial

and time domain are defined in (x,t) € [0,1] x R*. The
different transport matrices are defined as

ME 00

AT (t) = 0 X(t) O AT = ().
0 0 M)
The coefficient matrices are XtT(z,t) € R3*3,
YH(z,t) € RYX3, ¥=F(x,t) € R3*L, Q(t) € R3¥Y,

R(t) € RY3. The function U(t) is the control
input. All the parameters of the systems are
stochastic and we denote their concatenation 2 (t) =
{AT(t), A= (), 21 (2,t), 51 (2,1), 5T (2,1),Q(t), R(t)}.
We consider that the set 2 (t) corresponds to a homogeneous
continuous Markov process 2'(t),t € RT with a finite
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number of states . = {27,%25,...,%;}, whose
realization is right continuous. For instance, we have

jo= {AT A7 S (2), 3] (2), 577 (2),Q), Ry} The
transition probabilities P;;(¢1,t2) denote the probability
to switch from mode .Z; at time ¢; to mode Z; at time
ta ((1,7) € {1,. 7‘}2 0 < t; < to). They satisfy
P : R® [0, 1] with > j—1 Pij(t1,t2) = 1. Moreover,
for o < t, the transition probabilities P;; follows the
Kolmogorov equation [13], [15],

k=1
P”(Q,Q):l, and P”(g,g):0for27é] (5)

where the 7;; and c; Zk 1,k; Tjk are non- negative-
valued functions such that T (t) = 0 The functions 7;; are

upper bounded by a constant 7*. For 2 € ., we denote
125 @)1 as

12511 = (AT O + [1A7 O + [1Q; (D1 + [|R; (1)]|?
+ sup [[S7F(@)[]* + sup || (@)

z€[0,1] z€[0,1]

+ sup |7 (2)]]?)3, 6)

z€[0,1]

where we have used the standard Euclidean norm. We
assume that there exists known lower bounds 2" and upper
bounds 2" such that for all j, 2" < ||Z;|| < £ . Moreover,
we assume that the lower bounds of the stochastic velocities
are always positive. More precisely, we have A;" > 0,
A7 > 0, which implies A;; > 0, Adg; > 0, Ag; > 0 and
Agi > 0. Using the notations w = [w*,w~] and A;
Dlag{/\ 5,05, =AY}, the system (1) (4) can be rewritten
in the compact form

ow(z,t) + A;Oyw(z,t) = O,w(z, 1), (7

for z € (0, L), with the boundary condition:
S AR DATS ERa A AT

where the coefficient matrix ©,, GG; are:
() B (2) 0 @

¥ (@) 0
In the case of deterministic coefficients, equations (7)-(8)
naturally appear when modeling traffic networks with two
classes of vehicles [7].

III. BACKSTEPPING CONTROLLER DESIGN

In this section, we propose a backstepping control design
for the nominal system (that is, the system is in a known
nominal deterministic state). We will then show that the
stochastic system with this nominal control law is well-
posed. Finally, we will state our main result, which is the
mean-square exponential stability of the closed-loop system,
provided the nominal parameters are sufficiently close to the
stochastic ones on average. This result will be proved in the
next section using a Lyapunov analysis.

A. Backstepping transformation

We consider in this section that the stochastic parameters
are in the nominal mode 2 (t) = Z£o. This nominal mode
is not necessarily related to the set .. Our objective is to
design a control law that stabilizes this nominal system. We
first simplify the structure of the system (7) by removing the
in-domain coupling terms in the equation. More precisely, let
us consider the following backstepping transformation Ko

wt

fow = (W’ — Jy (Ko(z,&)w (&,t) + Ng(x,{)w’(&,t))dg)

(C)]

where the kernels Ko(z,&) € RY™3 and Ny(z,£) € R!
are piecewise continuous functions defined on the triangular
domain 7 = {0 < ¢ < a < 1}. We have

Ko(2,8) = [ K (2,6) k(x,8) k(.8 ].
The different kernels verify the following PDE system
= Ay (Ko)a(w,€) + (Ko)e(z, )AJ = —Ko (@, €)54 7 (¢)

(10)

- S5 H(€)No(z,€), (11)

Ay (NoYa(z,€) + Ag (No)e(x,€) = Ko(z,£)S3(£),  (12)
with the boundary conditions

(AT — AD) K] (z,2) = S5+ (), (13)

—Ag No(z,0) + Ko(z,0)Af Qo =0, (14)

where I3 is a 3 x 3 identity matrix. The well-posedness of
the kernel equations can be proved by adjusting the results
from [14, Theorem 3.3]. The solutions of the kernel equa-
tions can be expressed by integration along the characteristic
lines. Applying the method of successive approximations, we
can then prove the existence and uniqueness of the solution
to the kernel equations (11)-(14). Applying the backstepping
transformation, we can define the target system state ¢ as

¥ = (041,0527013;6) = ICOW-

And we denote the augmented states 2 =
target system equations are given by:

Di(z,t) + ASFQI(:EJ) = Ear+(:r),@(x7t) + Z(J{*(m)ﬂ(w,t)

[0[1, Qg, ag]T. The

+ [ Ciwo2e s [ Crwoses  as
0 0
Bt (:If,t) _Aaﬁw(mvt) =0, (16)
with the boundary conditions:
2(0,t) =Qop(0,1), a7
B(1,t) =Rew™ (1,t) — / Ko(1, 6wt (&,t)
+ No(L,)w (&, 1))dE + U(t). (18)

where the coefficients C{ (z,£) € R3*3 and Cj (z,¢) €
R3*! are bounded functions defined on the triangular domain
T. Their expressions can be found in [7]. Note that we still
have the presence of wt and w™ terms in equation (18), but
this is not a problem since these terms will be removed using
the control input. The transformation /Cy is a Volterra trans-
formation, therefore boundedly invertible. Consequently, the
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states w and ¥ have equivalent L2 norms, i.e. there exist two
constants my > 0 and My > 0 such that

mol[wl|Z> < [[0]17: < Myl|wl[Z.. (19)

B. Nominal control law and Lyapunov functional

From the nominal target system (15)-(18), we can easily
design a stabilizing control law as [3]:

1

U(t) = — Row* (1,1) + / (KoL, €)wH (€, 1)
+NO(17§)W7(£71€)) dg

To analyze the stability properties of the target system (15)-
(18), we consider the Lyapunov functional V; defined by

(20)

1
Vo(t):/ 9T (z,t)Do(x)0(z, t)dz, 21
0
where
¢ N AT TNT o ”
D =D , . (22
O(x) 1ag )\? ) )\g ) A3 a Aa ( )

This Lyapunov functional is equivalent to the L? norm of the
system, that is, there exist two constant k; > 0 and ko > 0
such that

E|[9])22 < Vo(t) < ka||9]]2:. (23)

It can also be expressed in terms of the original state as
1
‘/E)(t) = / (K()W(x,t))TDO(.’E)]C()W({E,t)dfﬂ. (24)
0

Taking the time derivative of V;(t) and integrating by parts,
we get

Vo(t) < —vVo(t) + /1 29(x,t)D?
0
(Ear+(a:)=@(ac, t)+ 35 (2)w (z, t)) dx

< —nVo(t) + (afo + @30 + 430 — @)B*(0,), (25
where
n=v— o (max |[S{*()]
[|A*||k1 “ze0,1] 0
1
+ (14 —) max [|ZF7[|(z)), 26
(1 o) max (155 I(x) 6)
e NP oY TNT
D° = Diag , , . (27)
{ NN A }
We choose a > 0 and v > 0 such that
2 2 2
G0 + 950 + 950 —a < 0,7 > 0. (28)

where g10, g20, g30 are the elements of (). Consequently, we
obtain Vy(t) < —nVo(t), which implies the L2-exponential
stability of the system.

C. Mean-square exponential stabilization

We now state the well-posedness of the stochastic system
and then give the main result on mean-square exponential
stability. We must first guarantee that the stochastic system
(1)-(4) with the nominal controller (20) has a unique solution.
We have the following lemma,

Lemma 1: For any initial conditions of the Markov system
w(z,t) € L?[0,1] and any initial states 2°(t) = 2°(0)
for the stochastic parameters, the system (1)-(4) with the
nominal control law (20) has a unique solution such that for
any ¢,

E{flw(z, t)[[} < oo, (29)

where the E{-} denotes the mathematical expectation.
Proof: This lemma can be easily proved by adjust-

ing the results in [22]. Almost every sample path of our
stochastic processes are right-continuous step functions with
a finite number of jumps in any finite time interval. We can
then find a sequence {t; : k = 0,1,...} of stopping times
such that o = 0,lim; o0 tx, = 00, and 2 (t) = 2 (tx) on
ty <t < tgy1. We start from time ¢ = 0 and then use [5,
Theorem A.4] for each time interval in the whole time period.
Thus, the stochastic system (1)-(4) has a unique solution. B

The main goal of this paper is to prove that the control
law (20) can still stabilize the stochastic system (1)-(4), pro-
vided the nominal parameter 2 is sufficiently close to the
stochastic ones on average. More precisely, we want to show
the following sufficient condition for robust stabilization.

Theorem 2: There exists a constant ¢* > 0, such that if,
for all time ¢ > 0,

E([|2°(t) — Zol]) < €, (30)

then the closed-loop system (1)-(4) with the control law
(20) is mean-square exponentially stable, namely, there exist
S, ¢ > 0 such that:

Efo,(p(0),2 (0)] (P(t)) < se™'p(0),

where p(t) = fol ||w(z,t)|[3dz, while Ejo (,(0),2 (0)] denotes
the conditional expectation at time ¢ = O with initial settings
of p(t) = p(0), 2 (t) = Z'(0).

This theorem will be proved in the next section.

€2y

IV. LYAPUNOV ANALYSIS
In this section, we consider the closed-loop stochastic
system with the nominal controller (20). The objective is
to prove Theorem 2. The proof will rely on a Lyapunov
analysis. More precisely, we will consider the following
stochastic Lyapunov functional candidate

V() = /0 (Kow(z, )T Dt 2)Kow(z, )z,  (32)

where the diagonal matrix D(t,z) = D;(z) if Z°(t) = 27,
and where

g oHT SH g
Dj(z) = Diag ¢ jl ,e jz 7e js ,ae = (33)
1 A3 A3 Aj
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We consider that the parameters v and a introduced in the
definition of D; can still be tuned. In the nominal case
Z (t) = Zo, the Lyapunov functional V' (¢) corresponds to
Vo. It is noted that inequality (23) still holds for V'(¢) (even
if the constants k; and k; may change).

A. Target system in stochastic mode Z;

In this section, we consider that Z'(¢f) = Z; at time t.
We can define the state ¥ = (a1, @2,as3,8) = Kow. Our
objective is first to obtain the equations verified by the state
¥ that appears in the Lyapunov functional (32). It verifies
the following set of equations

Di(x,t) + A;FQE(:U, t) :Ej+(x)w+(:v, t)

+ 3 (@)W (x,t),  (34)

Bi (1) = AJ Bo(,t) = fuj(x)w (2, t) + f2;(2)5(0, 1)
+ / £3;(z, )Wt (&, t)dé + / fi(x, ) w (& t)d¢,
0 0
(35)
with the boundary conditions:
2(0,t) = Q;5(0,1), (36)
B(Lt) = (R; — Ro) 2(1,1), 37
where the functions are defined by:
fi(x) = Ej_"'(x) + A Ko(z, ) + Ko(z, x)Aj', (38)
fo;(2) = —Ko(x,0)A] Q; + No(x,0)A7, (39)
f3;(2,€) = A} (Koo (2,8) — (Ko)e(w,§)A]
— Ko(z,)/1(€) = No(2, )%, (6),  40)
f1;(x, &) = A7 (No)z(2,€) + Aj (No)e(,€)
— Ko(2,6)%;(9). (41

All the terms that depend on w in the target system (34)-
(37) could be expressed in terms of ¢ using the inverse
transformation /Cy L However, this would make the com-
putations more complex and is not required for the stability
analysis. It is important to emphasize that all the terms on
the right-hand side of equation (35) become small if the
stochastic parameters are close enough to the nominal ones.
More precisely, we have the following lemma

Lemma 3: There exists a constant M, such that for any

realization 2 (t) = %, € ., for any (z,§) € T
Hfl]H<M0||‘%/;_%OH7 16{1527374} (42)

Proof: Considering the function fy;(z). For all = €
[0, 1], we have
= (3" () - 26+($)) +(A) - Ao K o(ﬂc,x)
+ Koz, z)(A] — AF). (43)

Consequently, we obtain the existence of a constant K1 > 0
such that

|If3;1] < Ky ||.25 — Zol| - (44)

The other inequalities for f3(z), f3(x,&) and f4(z,&) can
also be derived similarly. This finishes the proof. [ ]
B. Derivation of the Lyapunov function

Let us consider the Lyapunov functional V defined in
equation (32). Its infinitesimal generator L is defined as [18]

1
LV (w,s) = limsup — x E(V(w(t + At), 2 (t + At))
At—07+ At

—V(w(t), 2°(1)))-

We define L;, the infinitesimal generator of V' obtained by

(45)

fixing Z'(t) = Z; € .. We have
av
LiV(w) = < (9, 25) hi(0) + ) (Ve(w) = Vi(w)) 7je,
tes
(46)
where Vy(w) = V(w,s5), and where the operator h; is
defined by
—AT 2, (x,t) + E;‘"’(x)w“‘(a:,t)
+E+ (z )W (z,1)
hi(0) = | A Bale, ) + £, (x)w (2, 1)
Fhy(2)B0,0) + J By, )wH (€, 1)
+fo f4j(2, )W (&, )dE
(47)

To shorten the computations, we denote in the sequel
V(t),LV(t),V;(t) and L;V(t) instead of (respectively)
V(w, Z(t), LV(w, Z(t)), V(w,Z;) and L;(V(w)).
From now, we consider that 2 (¢t = ) Zi, € L. We
have the following lemma.

Lemma 4: There exists 7 > 0, M; > 0 and dy,ds > 0
such that the Lyapunov functional V'(t) satisfies

ZT: Pij (0, )LV (1) < =V(1) (ﬁ — 1 Z(t)

Jj=1

= (My + dir) E (|| 2°(2) - a%l))

n(1,1) (48)

3
+ D (BE([2() = Zol)) —e X
k=1

where the function Z(t) is defined as:
=Y 2t~
j=1

Proof: In what follows, we denote c¢; positive constants.
We will first compute the first term of L;. Consider that
Z'(t) = Z;. The Lyapunov functional rewrites

- /OlﬂT(m,t)D

(W)hj(w) < —nV;(t) + My [|Z; — Zol| V(D)
a) B%(0,1)

2ol (9:Pi5(0, 1) + ¢ Pi5(0, 1)) (49)

()9 (z, t)dx, (50)

av;
dw "~
+ (2|2 - Zleo+ a5+ 63+ a3 —
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(51)
k=1
where
2
=v— —— (max || (z
1Y T Gy e @)
1 2%02
—_ pIpS 52
+0 +m9)Trg[g>§H F@l) - (52)
M1—64—|—CL03—|—7—|—61 (53)
kigo
The coefficients v, g and a are chosen such that
n>0, |2 —2Z|eo+qi;+d;+a5—a<0. (54)

where the q1;, g25, q3; are the elements of @), 2 and 2
are the upper and lower bound of the stochastic parameters.
There exists a constant Cy such that for all 1 < 57 < r,
V»(w) < CoV(w). Thus, we get the following inequality:

(W)
3 v
: z =
k=1
where 77 = 77C. Now, we calculate the second term of L.

We have:

T

> (Vi(w) = Vi(w)) 71 = Zrﬂ
=1
( / KT (w(z, £)) Di(2) Kow(z, £)dz

i (W) < =V (t) + My [| 25 — Zol| V(#)

k_(RO) ) _eiﬁL)ai<1at)v (55)

/ Kew(x,t)Dj(x)Cow(z, t)dx)

<0 Y% - 2V ). (56)
=1

We then calculate the quantity L = >~ Pi;(0,¢)L;V (t).

Using the property of the expectation and we get

L<=V(t) (7~ (M +dirm)E(||2°(t) — Zoll)

+di Y 1125 — Zoll (0:Pi;(0,1) + ¢, P3; (0, 1))

j=1
3
+ D (E(12°(t) = 20l) —e X)af(L1),  (57)
k=1
This finishes the proof of Lemma 4. [ ]
C. Proof of Theorem 2
Notice first that if €* is small enough (namely

smaller than < A) and if inequality (30) holds, the term
S0 (E(12 (1) — Zoll) — e $)ad(1,1) < O, then we
have the following result based on Lemma 4:

iPij(O,t)LjV(t) < =V (¥) (7‘7 —d1 Z(t)

Jj=1

—(M1+d1r7*)E(||«%(t)—«%|)>~ (58)
We define the following function:
o(t) =N —di1Z(t) — (My + dirm")E(|[27(t) — Zol])-
(59
And then, using the functional ¥ (¢):
T(t) = elo 2y (1), (60)

With the definition of W(¢), taking the expectation of the
infinitesimal generator L of U(t) , we get:

D P0,0LV(#) | < -E(V()e(t)).

j=1
We know that E(3-7_, P,;(0,¢)L;V (t)) = E(LV (t)), thus
E(LV(1)) < —E(V(£)6(t)). (62)
Then applying the Dynkin’s formula [12],

s - v0) =& ([ L) 0. ©

To calculate the E(¥(¢)), we write down the formulation of
U(t):

E(¥(t) = E (V(t)efo‘ ¢>(y)dy)

—F (V(t)ef(;(ﬁ*d12(y)*(M1+d1rT*)]E(||@”(y)*55o\\))dy

(61)

(64)
We already know that

r

/0 Z(y)dy = / S12 () — 2ol (8,P5(0,)

Jj=1

+¢;Pi;(0,y)) V(y)> dy

t
B2 (1) - Zall) + | E(12 () - Zil
0
(65)
where 7* is the largest value of the transition rate. Using this
inequality, we get

]E(\Il(t)) Z E <V(t)e(fd16*+f0t(ﬁ*(M1+2d1r7—*)g*dy)) . (66)

Then we take €* as
* 7
= 67
¢ 2(2d17“T*+M1)’ ( )
thus we have

E(U(t) > E (v

—dye*+4t) ) (68)

From the before proof, we know E(U(t)) <
E(V (1)) < eh€ e ¢tV (0),

¥(0), such that
(69)

where ¢ = Z. The function V(t) is equivalent to the L*-
norm of the system. This concludes the proof of Theorem
2.
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[— A =-002—)}=-0023 —\} = —0.024 — A} = —0.025 - - \] = —0.03]
0.6

0 100 200 300 400
t

Fig. 1: The probability of Markov states

-5000

wi(w,t)

-10000

“200

(d) wa

(c) ws

Fig. 2: Closed-loop results of the stochastic system

V. NUMERICAL SIMULATION

In this section, we illustrate our results with simulations.
We consider that only the parameter A4 is stochastic. Its
nominal value is —0.024. The five other possible values
are A} = —0.02,)\2 = —0.023,\] = —0.024,)\] =
—0.025,\] = —0.03 and the initial transition probabilities
are chosen as (0.02,0.32,0.32,0.32,0.02). The transition
rates 7;; are defined the same as in [4]. The corresponding
matrices in nominal case are set as:

0.0081 0 0
Af = 0  0.0037 0 ,Ay = —0.024
0 0  0.0065
—-12.29
Qo= | -3 |,Ro=[0.0011 —0.1601 0.0034]

8.45

Solving the Kolmogorov forward equation, we get the
probability of each state in the simulation process shown in
Fig. 1. From the probability of the Markov states, the system
stays near the nominal value in the entire simulation period.
Using the Markov process, we conduct the simulation for
t = 400 with the sinusoidal initial conditions, the closed-loop
results are shown in Fig. 2. All the states with Markov jump-
ing parameters almost converge to zero under the nominal
control law, which is consistent with the theoretical results.

VI. CONCLUSIONS

In this paper, we proposed a backstepping control law
that mean-squarely exponentially stabilizes a 4 x 4 Markov

jumping coupled hyperbolic PDEs. The full-state feedback
boundary control law was derived using the backstepping
method for a nominal system. By applying Lyapunov analy-
sis, we proved that this nominal control law can stabilize the
PDE system with Markov jumping parameters provided the
nominal parameters are sufficiently close to the stochastic
ones on average. Finally, we use numerical examples to
illustrate the efficiency of our approach. Future work will
focus on its application in traffic flow systems.
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